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1 Introduction 

There have been many researches in ordinary differential equations (ODEs) satished by 
modular forms. In particular, Hurwitz [T], Klein [1] and Van del Pol [9] considered the 
following ODE, 



( 1 . 1 ) 


where the Eisenstein series 7^2, 7^4, and are dehned by 



n=l ^ n=l 

rv^ I- 



n=l 


and the upper half plane is dehned by 


= {r G C I Tyr > 0}. 


Van del Pol [9] noticed that the ODE fll.ip corresponds to the Riccati equation. 


6 , 0 „ 
— :U + w = E4. 


( 1 . 2 ) 
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Thanks to Ramanujan’s ODEs, 

E 2 _ {E^f - E 4 E 4 _ E 2 E 4 - Eg Eg _ E 2 E 6 - (^ 4)2 
^dq 12 ' ^dq 3 ’ ^c/g 2 

u = —E 2 is a solution of the ODE fll.2p . For the proof, see Sebbar et ah [TO] . 

Sebbar et ah [10] studied the following Riccati equations, 

k 

—u' + u‘^ = E 4 , {k = 1, 2, 3,4, 5, 6 ), 

Tii 

and the correspoding second order ODE 

y” + ^Ei{T)y = 0. 

ODEs satished by modular forms also apper in mathematical physics. For example, 
Milas [^ derived the ODE of the form 

44 

y" - A'KiE 2 {T)y' + —7r^E4(r)|/ = 0, (1.3) 

5 

from the character formula for the Virasoro model and the theory of vertex operator 
algebras. In particular, the solutions of the ODE fll.3p are given by modular forms of 
level 5. 

The aim of this paper is to derive Riccati equations satisfied by modular forms of level 
5, 6 and 8 . In particular, we propose a new approach to ODEs satisfied by modular forms 
through the high-level versions of Jacobi’s derivative formula, which were studied in [5] 
and [ 6 ]. 

This paper is organized as follows. In Section [2l we review the properties of the theta 
functions. In Section [3|, we derive some theta-functional formulas. In Section 01, we recall 
the high-level versions of Jacobi’s derivative formula. 

In Section (5] we derive ODE satisfied by a modular form of level 4, which turns out 
to be equivalent to the formula of the number of representations of a natural number 
n, {n = 1 , 2 ,...) as the sum of four triangular numbers. In Sections [ 6 ], [71 and [HI we deal 
with Riccati equations satished by modular forms of level 5, 6 and 8 . 

2 The properties of the theta functions 

2.1 Notation 

Throughout this paper, let Mq, M, Z, Q, M, C and C* denote the set of nonnegative 
integers, positive integers, integers, rational numbers, real numbers, complex numbers 
and nonzero complex numbers, respectively. 
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and the Dedekind eta fnnction is defined by 


ri{T) = q24 (g; (g; g)^ = JJ(1 - q^) ^ q = exp(27rir), r G 


n=l 


Following Farkas and Kra [2], we first introdnce the theta fnnction with characteristics, 
which is defined by 


e 




(C) :=X]exp ( 27rz 




-ln + -) r+ n+- C + 7T 




nGlj 


where e, e' G M, C G C, r G and q = exp(27rir). The theta constants are given by 


e 

:= 9 

e 

/ 

/ 

e 


e 


(0,r). 


Let us denote the derivative coefficients of the theta functions by 


e' 


e 

e' 


■=^9 

■ 


(C,^) 


C=o 


e 

e' 


d2 

w 


(C,^) 


C=o 


Jacobi’s derivative formula is given by 


e' 


= —nO 


0 

0 


1 

0 


0 

1 


( 2 . 1 ) 


2.2 Basic properties 

We first note that for m,n & Tj, 


9 


6 


ne — me' m?T 


e 

e' 

(C + t) = exp(27ri) 

- mC - 

2 2 

9 

e' 


and 


e + 2m 
e' + 2n 


(C, t) = exp(7rien)6' 


Furthermore, it is easy to see that 


(C,^) = 0 


{—(, t) and 9' 


{C,r). 


iCr) = -9' 


(C,r), (2.2) 


(2.3) 


-C,'r)- 
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For m, n G M, we see that 


9 



n + irtT 
2 



exp(27ri) 


mC 


m?T 


m{e' + n) 
4 


9 


e + m 
e' + n 


(C. t). 


(2.4) 


We note that 9 , 

e 

given by 


{(, t) has only one zero in the fnndamental parallelogram, which is 


c 


1-e 

2 


r + 


1-e' 

2 


2.3 Jacobi’s triple product identity 

All the theta fnnctions have inhnite prodnct expansions, which are given by 


9 


(C, r) = exp 


/ Tiiee' 


X i 


X 


JJ(1 - z), (2.5) 


n=l 


where x = exp(7rir) and z = exp(27ri(C). Therefore, it follows from Jacobi’s derivative 
formnla (I2.ip that 


9' 


(0, r) = —27rg8 ]^(1 “ Q = exp(27rir) 


n=l 


2.4 Spaces of W^th order ^-functions 


e 

e' 


to be the set of entire fnnctions / that 


Following Farkas and Kra [2], we dehne Tn 
satisfy the two fnnctional eqnations 

/(C + 1) = exp(7rie) /(C) 

and 

/(C + 't) = exp(-7ri)[e' + 2NC + Nr] /(C), C e C, r Elf, 
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where is a positive integer and 


G This set of functions is called the space of 


Nth order 9-functions with characteristic 


dim J^i 


N 


Note that 


= N. 


For its proof, see Farkas and Kra [2[ p.l33]. 


2.5 The heat equation 

The theta function satisfies the following heat equation: 

^2 




-,9 


e 

e' 


(C,r) = 47ri^0 




( 2 . 6 ) 


2.6 Lemma of Farkas and Kra 

We recall the lemma of Farkas and Kra m p- 78]. 


Lemma 2.1. For all characteristics 


5 

5' 


and all r G we have 


9 

=9 


{0,t)9 


5 

S' 


e+S 

2 

e' + 6' 


(0,r) 

■ 

2 

e' -S' 


2 (O,2r)0 ,2 (O,2r) + 0 ' 2 '+ ^ 


e' + S' 


e—5 


(0,2t)9 


(0,2t). 


3 Theta-functional formula 

Proposition 3.1. For every {z,t) G C x we have 


9^ 


1 
1 

L 2 


9^ 


1 

0 


{z,t)+9^ 


1 

0 


9 


1 
1 

L 2 J 


{z,t)9 


1 
3 

L 2 J 


iz,T)-9^ 


{z,t) = 0, 
(3.1) 


■ 1 ■ 
2 

9 

■ 1 ■ 
1 

{z,t)9 

■ 1 ■ 

5 

{z,r)-9^ 

■ 1 ■ 
1 

9 

■ 1 ■ 
2 

{z,t)9 

■ 1 ■ 
4 

- 3 . 


. 3 . 


. 3 . 


. 3 . 


. 3 . 


. 3 . 


i.z,r) 


1 

0 


1 
2 
L 3 


(z,t) = 0, 


(3.2) 
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■ 1 ■ 


■ 1 ■ 


■ 1 ■ 


■ 1 ■ 


■ 1 ■ 


■ 1 ■ 

3 

9 

1 

{z,t)9 

7 

(z,r) - 9'^ 

1 

9 

3 

iz,T)9 

5 

. 4 . 


. 4 . 


. 4 . 


. 4 . 


. 4 . 


. 4 . 


i.z,r) 


+ 0 


1 

0 


1 
1 

L 2 


(z,t) = 0 , 


(3.3) 


■ 1 ■ 

3 

9 

■ 1 ■ 
1 

iz,T)e 

' 1 ■ 

9 

{z,t) - 9^ 

' 1 ■ 
1 

9 

■ 1 ■ 

3 

{z,t)9 

' 1 ■ 

7 

. 5 . 


. 5 . 


. 5. 


. 5 . 


. 5 . 


. 5 . 


[z,r) 


+ e 


■ 1 ■ 
1 

9 

■ 1 ■ 

3 

9^ 

■ 1 ■ 
1 

. 5 . 


. 5 . 


L 


{z,t) = 0 . 


(3.4) 


Proof. We prove equation fl3.1|) . The others can be proved in the same way. We hrst note 
0 


that dim JT 


0 


= 2 and 


' 1 ■ 


' 1 ■ 


r 1 1 


■ 1 ■ 


■ 0 ’ 

0 

{z,t), 9 

1 

. 2 . 

iz,T)9 

1 - 

tolco 1 

{z,t), 9^ 

1 

(2:, r) G J^2 

0 


Therefore, there exist some complex numbers Xi,X 2 , and x^, not all zero, such that 


Xi9^ 


1 

0 


{z,t) + X2O 


1 
1 

L 2 


[z,t)9 


{z,t) +X39‘^ 


Note that in the fundamental parallelogram, the zero of 9 


1 

1 

1 

0 


{z,t) = 0 . 


(z), 9 


1 
1 

L 2 


(z) is 2 : = 1/2, 1/4, or 0. Substituting 2 : = 1/2,1/4, and 0, we have 


(z), or 




X29^ 

■ 1 ■ 
1 

. 2 . 

+ X39^ 

■ 1 ■ 
0 

= 0 , 

Xl 




+ X3 


= 0 , 

x\9‘^ 

■ 1 ■ 
0 

-X29^ 

■ 1 ■ 
1 

9 



= 0 . 


Solving this system of equations, we have 


{xi,X 2 ,X 3 ) = a{9 


1 
1 

L 2 


1 

0 


-9^ 


for some a E C \ {0}, 


□ 


which proves the proposition. 
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4 High-level versions of Jacobi’s derivative formula 

From Matsuda EE], recall the following derivative formulas. 

Theorem 4.1. For every r G we have 


9' 


1 
1 

L 2 


(0, r) = —7r6*^ 


0 

0 


(O,2r)0 


(0,r), 


(4.1) 


9' 

r 11 

1 

. 3 . 


9 

11 

1 


3 J 


= V 
6 


( 9 ^ 

■ 1 ■ 
1 

-30^ 

■ 1 ■ 

2 

) 

■ 1 

2 

V 

L 3 J 


L 3 J 

/ 

L 3 


1 

0 


1 
1 

L 3 


03 


1 
2 
L 3 


1 
2 

L 3 J 


3 


1 
1 

L 3 


1 

0 


03 



(O,2r)-0^ 


0 

1 


(0,2r)- 


02 

■ 1 ■ 

3 

. 4 . 

(0,^) 

02 

■ 1 ■ 
1 

. 4 . 

(0,r) 


L 3 J L 3 J 

(4.2) 


(4.3) 


(O,2r) + 02 


0 

1 


(0,2r)- 


02 

■ 1 ■ 
1 

. 4 . 

(0,r) 

02 

■ 1 ■ 

3 

. 4 . 

(0,r) 


(4.4) 


9' 

' 1 ■ 

1 

. 5 . 


■ 1 1 

9 

1 


. 5 J 


^ = 0 ' 


05 

■ 1 ■ 
1 

. 5 . 

-305 

■ 1 ■ 

3 

. 5 . 

1003 

■ 1 ■ 
1 

. 5 . 

03 

1 ■ 

3 

5 . 


0 ' 


1 
3 

L 5 


1 
3 

L 5 


= 0 ' 


305 

■ 1 ■ 
1 

. 5 . 

+ 05 

■ 1 ■ 

3 

. 5 . 

1003 

■ 1 ■ 
1 

. 5 . 

03 

1 ■ 

3 

5 . 


(4.5) 


5 ODE satisfied by a modular form of level 4 

5.1 Preliminary result 

Proposition 5.1. For every r G we have 


0" 

1 

0 

(0,r) 

0" 

1 

1 

. 2 


1 1 

(0,r) 


1 

0 

0 

0 

1 

2 


(0,r) 


= -7r"0 


2M 


(0,r) 


1 

0 


(0,2r). 
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Proof. Comparing the coefficients of the term in equation fl3.ip . we have 


9" 

' 1 

0 

9" 

' 1 

1 

. 2 


1 ■ 
1 

r 1 


■ 1 ■ 

1 

. 2 . 

9 

1 ■ 
0 

9 

1 ■ 

1 

2 . 

02 

■ 1 

0 

1 

i'' 

■ 1 ■ 

1 

. 2 . 


From Jacobi’s derivative formula fl2.ip and equation fl4.ip . we obtain 


9" 


1 

0 


1 

1 

L 2 


9 


1 

0 


9 


1 
1 

L 2 


^ - TtM 


= - TT^ (^04 

Recall Jacobi’s quartic identity: 

04 ^ ( 0 , r) = 9^ 


1 - 1 

0 0 

(0,2r) - 0 ^ 

1-1 

0 0 

1 - 1 

0 0 

(0,2r) -0^ 

1 1 

0 

1 _ 1 


(O,r)0^ 


0 

1 




(0,2r)] bv Lemma 12.11 


0 

1 


(O,r) + 0^ 


1 

0 


(0,r). 


For the proof, see Farkas and Kra [21 p. 120]. 
Therefore, it follows that 


0" 

1 

0 

(0,r) 

0" 

0 

1 ■ 
0 

(0,r) 

0 


1 
1 

L 2 J 


(0,r) 


1 
1 

L 2 


= -7r"0 


2/)4 


(0,r) 


1 

0 


(0,2r). 


□ 


Theorem 5.2. For each u G Nq, 

U{n) :=jl <j (x, y,z,w) eNo\n = 


4 I „ _ + 1) , 1/(0 + 1) , + 1) , w{w + 1) 1 


2 ^ 2 2 ^ 


7 


= cr (2 n + 1), 

where a{m) is the sum of positive divisors o/m G N. 
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Proof. Set q = exp(27rzr). Jacobi’s triple product identity fl2.5p implies 

eI'. 


9” 

1 

0 

(0,^) 

9” 

1 

1 

. 2 

(0,r) 

9 

1 ■ 
0 

(0,r) 

9 

1 ■ 
1 

2 . 

(0,^) 


= - Stt" 


2a{N) — Qa 


N=1 ^ 

OO 

IGtt^ cT(2n + l)q 



+ 4(j 





,2n+l 


n=0 


From the definition, it follows that 
1 


2/i4 


-71^9^ 


0 


(0,2r) =-vr^ < \ =-167r^g<^^g 


2 n{n+l) 


. nEZ 

OO 


, n=0 


— IbTT^ t4{n)q 


2n-\-l 


n=0 


The theorem follows from Proposition 15.11 




□ 


5.2 Derivation of a differential equation 

Theorem 5.3. For every r G we have 

d_ I h^(2r) ) ^ 

dr \'q^(T)rf(4T) f T]‘^{T)r]{2T)^ 


that is, 


d [ 


ooj 


g = exp(27rir). 


Proof. The heat equation fl2.6p and Proposition 15.11 imply that 


Ani 


( ^ 9 

id 


r 1 1 

/ X d „ 

■ 1 

1- 

O 1 

(0,r) —9 

1 

. 2 . 


(0,r) 




1 

0 


(0,r) 


1 
1 

L 2 


(0,r) 


= -77^9 


2/i4 


1 

0 


(0,2r). 


Multiplying 9 



(0, r) by both sides, we have 


= 


1 

0 


(0,2r) 


1 

0 


(0,r) 


1 
1 

L 2 


(0,r) 


(5.1) 
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Jacobi’s triple product identity fl2.5p shows 


9 

' 1 ■ 
0 

(0,r) 

9 

■ 1 ■ 
1 

. 2 . 

(0,^) 


n=l 


(1 — 

(1 — g”)2(l — 


and 




1 

0 


(0,2t) 


which proves the theorem. 


9 

' 1 ■ 
0 

(0,r) 

9 

■ 1 ■ 
1 

. 2 . 

(0,7-) 


CX) 

16\/2g JJ 

n=l 


(1 - 

(1 - g'^)2(l - g2»^)’ 


□ 


Remark 

Theorems 15.21 and 15.31 follow from Proposition 15.11 Therefore, the differential equation 
(15.11) is equivalent to the formula of t 4 (n), the number of representations of n as the sum 
of four triangular numbers. 


6 ODE satisfied by a modular form of level 5 

6.1 Preliminary results 

Proposition 6.1. For every r G we have 

2 


9 " 


1 
1 

L 5 


9" 


1 
3 
L 5 


9' 


■ 1 ■ 
1 

9 

■ 1 ■ 

3 

10006 

■ 1 ■ 
1 

06 

■ 1 ■ 

3 

. 5 . 


. 5 . 


. 5 . 


. 5 . 
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Proof. The proposition can be obtained by considering equation 
coefficients of the term in equation (13.dh . 


O 

00 

1 

■ 1 ■ 
1 

+ 880^ 

■ 1 ■ 
1 

0® 

■ 1 ■ 

3 

+ 80^° 

■ 1 ■ 

3 


. 5 . 


. 5 . 


. 5 . 


. 5 . 


and comparing the 
□ 


6.2 Derivation of a Riccati equation 

Theorem 6.2. For every r G set 


W 


■ 1 ■ 
1 

(O,r)/0^ 

■ 1 ■ 

3 

. 5 . 


. 5 . 
10 


(0, r), and q 


exp(27rir). 




















































( 6 . 1 ) 


Then, W satisfies the following Riccati equation: 

1 (g;g) 


d 

q—W = 
dq (x/5)3(g5;g5) 


5 

oo 


{W'^ - liw - 1) . 


Proof. The heat equation fl2.6p and Proposition 16.11 imply that 


Ani-^ log 9 
dr 


1 
1 

L 5 


d 

A-Ki— log^ 
dr 


1 
3 

L 5 J 


-80^° 


1 
1 

L 5 


+ SS9^ 


1 
1 

L 5 


9^ 


1 
3 

L 5 


+ 801° 



■ 1 ■ 


■ 1 ■ 

05 

■ 1 ■ 

05 

■ 1 ■ 

1000 

1 

0 

3 

1 

3 


L 5 J 


- 5 J 


L 5 J 


L 5 J 


which shows that 
d 


AiriAf- log0^ 
dr 


1 
1 

5 J 


Airi— log 9^ 
dr 


1 
3 
L 5 


Jacobi’s triple product identity fl2.5p yields 

2 

0 ' ' 


Ati^ 


1 
1 

L 5 


0 

■ 1 ■ 

3 


L 5 J 


n 


(1 - q^f g{Tf 


\/5 (1 - V5 v{5t) ■ 


Setting 


we obtain 




(X,X)= (^0^ 

.dY 27ii yf{T) 


1 
3 
L 5 


_Y _ _— 

dr dr (\/5)° vi^^) 


(X^ - IIXX - Y^) , 


which implies that 


—W = — (— 
dr dr \Y 



^Y-X— 

dr _ djY 

Y2 


2ri if{T) 
(\/5)3h(5r) 


] 


■ 1 ■ 

1 

i 

-801° 

■ 1 ■ 
1 

. 5 . 

+ 8805 

■ 1 ■ 
1 

. 5 . 

05 

■ 1 ■ 

3 

. 5 . 

+ 801° 

■ 1 ■ 

3 

. 5 . 

) 

200 

1 

1 

. 5 . 

0 

1 

3 

. 5 . 

05 

1 

1 

. 5 . 

05 

1 

3 

. 5 . 



( 1+2 - 111 +- 1 ) 


d dq d d 

The theorem can be obtained by considering that — = -—= 2mq—. 

dr dr dq dq 


□ 
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7 ODE satisfied by a modular form of level 6 

7.1 Preliminary results 


Proposition 7.1. For every r G we have 


1 

0 


1 
2 

L 3 J 


-e^ 


1 
1 

L 3 


+ e^ 


1 
2 

L 3 J 


= 0 . 


Proof. We note that J ^2 


3 

0 


= 2 and 


9 

9^ 


I 3 




L 3 


I (C,r), 


9^ 


L 3 


((,^p 


L 3 J 




(C,r)e J-2 


Substituting 

we obtain 

where 


c = 


r±2 r±l r±l r + 3 


6 


6 ’ 6 
Ax. = 0, 


6 


/ 


A = 


1 

0 


9 


1 

0 


9^ 

02 


-02 

■ 1 ■ 
1 

. 3 . 

-02 

■ 1 ■ 
2 

. 3 . 

0 

-02 

v 

1 

2 

. 3 . 

-02 

1 

1 

. 3 . 

-02 






1 

0 


0 


/ 


(7.1) 


Ce = exp(27ri/6), and x = *(xi, 0 : 2 ,xs,X 4 ). 

Since the system of equations fl7.ip has a nontrivial solution x 7 ^ 0 , we have det A = 0. 
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Therefore, it follows that 


-e 


= e 


= 0 . 


1 

0 


1 

0 


-9^ 


02 

■ 1 ■ 
1 

CO 

l_ 

1 

to 

■ 1 ■ 
2 

02 

. 3 . 
1 

2 

-02 

. 3 . 
1 

1 


. 3 . 


. 3 . 


+ 9^ 


1 

1 

. 3 . 

1 

2 

. 3 . 

0 



02 

02 


02 


02 


02 



0 


□ 


Proposition 7.2. For every r G IHl2, we have 


0 " 

■ 1 

1 

. 3 

0 " 

■ 1 

2 

. 3 

1 

i 


1 ■ 
1 

1 ’ 


0 

1 1 

0 

1 1 

12 

r 11 

02 

r 1 

06 

r 11 

1 

3 . 

2 

3 . 

02 

0 

1 

. 3 

2 

. 3 . 


( 9 ^ 

■ 1 ■ 
1 

1 

1-^ 

0 

■ 1 ■ 

1 

0 ^ 

■ 1 ■ 

2 

+ 90® 

V 

. 3 . 


. 3 . 


. 3 . 

_ 


1 

2 

3 


and 


0" 

■ 1 

1 

. 3 

0" 

■ 1 

2 

. 3 



■ 1 ■ 
1 

' 


■ 1 ■ 
0 

_ r ^ 1 nni \ 1 

0 

1 ■ 
1 

3 . 

0 

1 ■ 

2 

3 . 

12 

02 

■ 1 ■ 
1 

. 3 . 

05 

■ 1 ■ 
2 

. 3 . 

1 U 1 2 

V L 3 J [3 


Proof. Comparing the coefficients of the term in equation (I3.2p . we have 




13 













































































































From equation fl4.2|) . it follows that 


9” 

1 

1 

. 3 

9" 

1 

2 

. 3 . 


1 1 


1 1 

9 

1 

9 

2 


3 J 


3 J 



The first formula follows from Proposition 17.11 
The second formula follows from the fact that 



□ 


7.2 Derivation of a Riccati equation 

Theorem 7.3. For every r G set 


W = 6^ 


1 
1 

L 3 








3. ^3^2 

oo 


iq;q)loiq^',q^)^ 

Then, W satisfies the following Riccati equation: 


q = exp(27rir). 


d.., If {q-,q)l{q^;qroo 

"^dq 23l(g2;g2)^(g6.^6)^ 


(IT^ - lOlT + 9) . 


Proof. The heat equation fl2.6p and Proposition 17.21 imply that 


d 

Airi— log 6* 
dr 


■ 1 ■ 

d , , 

' 1 ■ 

1 

. 3 . 

— 47rz— logs* 
dr 

2 

. 3 . 
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which shows that 


log 6"^ 
dr 


1 
1 

L 3 


— Ani— log 6^ 
dr 


1 
2 
L 3 


= -le’ 


1^8 

■ 1 ■ 
1 

. 3 . 

- 100^ 

■ 1 

1 

. 3 

04 

■ 1 

2 

. 3 

+ 90® 

T—1 (M|CO 

1_1 

} 

302 

■ 1 ■ 
0 

02 

■ 1 ■ 
1 

. 3 . 

06 

■ 1 ■ 
2 

. 3 . 



Moreover, Jacobi’s triple product identity (I2.5p yields 



1 ■ 
1 

' 

> 02 

■ 1 ■ 

1 

. 3 . 

02 

■ 1 

0 

02 

■ 1 ■ 
2 

. 3 . 





n=l 


(l-g")2(l-g3n)2 

(1 - _ g6n) 


= -x/3 


^ vWi^T) y 

^p(2r)?7(6r) J 


Setting 


we obtain 


{X,Y)={9 


1 
1 

L 3 




1 
2 
L 3 


dr 

which implies that 




(7.2) 


dr dr \Y 



dr^ ^ dr _ / h^(r)?/^(3r) ^ 


y 2 


2 ^ \ ? 7 ( 2 r)? 7 ( 6 r) j 


{W^ - low + 9) . 


rr,, , 11-11 . 1 • 1 d dq d d 

lire theorem can be obtained by considering that — =-= 2mq —. 

dr drdq dq 

By the second formula of Proposition 17.21 we obtain the following theorem. 
Theorem 7.4. For every r G set 


□ 


W = 


f ff(2T)y(3T) ]^ f (q^;q^Uq^;q^) 

[ r/ 2 (r)ry( 6 r) j \ (g; 


, q = exp(27rir). 


Then, W satisfies the following differential equation: 

, 2 . „2\7 /^3. ^3^7 


y,,, ^ y,,, _ ^^. y(2r)y(3r) , _ 
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8 ODE satisfied by a modular form of level 8 


8.1 Preliminary results 

From Matsuda [5], recall the following theta constant identities. 
Theorem 8.1. For every r G we have 


e 


1 

0 


1 

0 


e 


1 
1 
2 

1 
1 

L 4 


= 0 , 


1 

3 

. 4 . 

- 9 ^ 


9 ^ 

1 

1 

. 2 . 

+ 9 ^ 

1 

1 

. 2 . 

9 ^ 

1-1 

1_1 


= 0 , 


1-1 

-9^ 

1 

3 

. 4 . 

-9 

1 

1 

. 2 . 

CO 

1 

0 


= 0 . 


(8.1) 

(8.2) 

(8.3) 


From these theta constant identities, we can obtain the following proposition. 
Proposition 8.2. For every r G we have 

" 1 




1 
1 

L 4 


9" 


1 
3 
L 4 


9' 


9 


1 

0 


9 


9 

■ 1 ■ 
1 

9 

' 1 ■ 

3 

8 

9^ 

' 1 ■ 
1 

04 


. 4 . 


. 4 . 



. 4 . 



1 
3 
L 4 


1 

2 . 

-( 9 ^ 

■ 1 ■ 
1 

-602 

■ 1 ■ 

1 

02 

■ 1 ■ 

3 

+ 0^ 

■ 1 ■ 

3 


V 

L 4 J 


L 4 J 


L 4 J 


L 4 J 


Proof. By Lemma [2.11 we hrst note that 
9^ 

9^ 


■ 0 ■ 
0 

(O,r) = 02 

■ 0 ■ 
0 

(0,2r) + 02 

■ 1 ■ 
0 

■ 0 ■ 
1 

to 

■ 0 ■ 
0 

(0,2r) -02 

■ 1 ■ 
0 


0 

1 


{0,2t) = 9 


0 

0 


{0,t)9 


0 

1 


( 0 , 2 r), 

( 0 , 2 r), 
( 0 ,r). 


Comparing the coefficients of the term in equation 03.31) yields 
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Equations (14.31) . (14.4p . (18. ip . and (18.3p imply that 
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1 

9" 

1 

0 " 

3 


L 4 J 


L 4 J 


r 11 

0 

r 11 

1 

3 

L 4 J 


L 4 J 




1 

0 


1 
1 

L 2 


02 


1 
1 

L 4 


02 


02 

■ 0 ■ 
0 

(0,2r) + 02 

■ 0 ■ 
1 

(0,2r) 

02 

■ 0 ■ 
1 

(0,2t) 


-<e' 


03 

■ 1 ■ 
0 

0 ^ 

■ 1 ■ 

1 

. 2 . 

06 

■ 1 ■ 
1 

06 

■ 1 ■ 

3 


. 4 . 


. 4 . 


which shows 


0" 

1 

1 

. 4 

0" 

1 

3 

. 4 

._J 


■ 1 ■ 
1 

' 

7^ 

1 

0 

0 

1 

1 

2 . 

02 

0 

0 

(0,4r) 

1 

0 

1 ■ 
1 

4 . 

0 

1 ■ 

3 

4 . 


02 

■ 1 ■ 
1 

. 4 . 

02 

■ 1 

3 

. 4 

02 

■ 0 ■ 
1 

1 

(0,2t) 


0 ' 


1 

0 


02 


02 


1 
3 
L 4 


0 ' 


03 

■ 1 ■ 
0 

07 

■ 1 ■ 

1 

. 2 . 

06 

■ 1 ■ 
1 

06 

■ 1 ■ 

3 


. 4 . 


. 4 . 


Jacobi’s triple product identity (12. 5 p yields 


O' 



1 

0 

0 

1 

1 

2 . 

02 

0 

0 

(0,4r) 

1 j 

1) Q2 

■ 1 ■ 
1 

. 4 . 

02 

■ 1 

3 

. 4 

02 

■ 0 ■ 
1 

(0,2t) 


= ^{e' 


03 

■ 1 ■ 
0 

07 

■ 1 ■ 

1 

. 2 . 

06 

■ 1 ■ 
1 

06 

■ 1 ■ 

3 


. 4 . 


. 4 . 


=A'K‘^\f2- 


?7^^(4r) 


rf{T)r]{2T)'q^{ST) 
Therefore, it follows that 


= —:<e' 


1 

1 

. 4 

0 " 

1 -1 

1 _1 

r 1 1 


1 1 

1 

0 

3 

L 4 J 


4 J 


03 

1 

0 

07 

1 

1 

. 2 . 

I 

06 

■ 1 ■ 
1 

06 

■ 1 ■ 

3 
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. 4 . 


. 4 . 
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Equation fIS.ip implies that 


■ 1 

1 

0" 

■ 1 ■ 

3 

L 4 


L 4 J 

r 11 


1 1 

1 

0 

3 

L 4 J 


4 J 


9' 


1 

0 


r ^ 1 

04 

r 1 1 

1 

3 

L 4 J 


L 4 J 


9^ 


Corollary 8.3. For every r G we have 
rf {T)ri{2T)rf {At) 


( 9^ 

■ 1 ■ 
1 

-602 

■ 1 ■ 
1 

02 

V 

. 4 . 


. 4 . 



I 


□ 


rf{ST) 

where q = exp(27rir) and for each m G N, 


n=l \ d\n 




m 


+1, ifm = ±1 (mods), 

= —1, ifm = ±3 (mods), 

0, ifm = 0 (mod2). 


Proof. By equation (IS.dh . we have 


9' 


1 

0 


1 
1 

L 2 J 


02 


02 


d^2 


log0 


1 
1 

L 4 J 


(^) 


z=0 


dz^ 


log0 


1 
3 

L 4 J 


(^) 


z=0 


L 4 J L 4 

The corollary follows from Jacobi’s triple product identity fl2.5p . 
Corollary 8.4. For every r G tf, we have 

7^13(4^) 


□ 


772(r)7](2r)?7®(8r) 



n—1 y d\n 

where q = exp(27rir). 

Proof. The heat equation fl2.6p and equation (18.51) imply that 


d 

dr 


9 


log- 


I 27ii f ■q^^lAr) 7]^(T)7](2T)r/^(4T)) 

\f2 \ 7f{T)7]{2T)r]^{^T) rf{^T) ] 


1 
3 

L 4 J 
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which shows that 


77^^(4r) 77^(r)77(2r)?7^(4r) 

r]‘^{T)r]{2T)r]^{8T) rf{8T) 


n=l 




□ 


8.2 Derivation of a Riccati equation 

Theorem 8.5. For every r G set 


W 



(O,t)/0^ 


1 

3 

4 


(0,r), 


q = exp(27rir). 


Then, W satisfies the following Riccati equation: 


dW 


(x/2)5 {qfiq^)l ^ 


Proof. Set 






The heat equation fl2.6p and Proposition 18.21 imply that 


47ri— log 6* 
dr 


1 

1 

4 


d 

-Ani— log 6* 
dr 


1 

3 

4 



9 

' 1 ■ 
0 

9 

1 ■ 

1 

2 . 


9^ 

■ 1 ■ 
1 

. 4 . 

9^ 

■ 1 

3 

. 4 



{X^-6XY+Y^), 


which shows that 


Ani-^ log X — Airi-^ log Y 
dr dr 
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■ 1 ■ 
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9 

1 ■ 

1 

2 . 


9^ 

■ 1 ■ 
1 

. 4 . 

9^ 

■ 1 

3 

. 4 



(X^ 


6XY + Y^). 


Moreover, Jacobi’s triple product identity fl2.5p yields 
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9 

■ 1 ■ 
0 

9 

1 ■ 

1 

2 . 


02 

■ 1 ■ 
1 

. 4 . 

02 

1 - 1 
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A\f2'K^ 

n=l 


(1 - g8")2 


g4n^3 


4\/27r 


^ 7]^{T)r]{2T)r]^{AT) 

7f{8T) 
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( 8 . 6 ) 


Therefore, it follows that 


^Y-X— 
dr dr 

which implies that 


27ri ?7^(r)?7(2r)?7^(4r) 

A ^/2 rf {^ T ) 


(X^ - 6XY + Y^) , 


dr dT\Y) 


^Y-X— 
dr _ dr 


Y2 


2m ?7^(r)?7(2r)?7^(4r) 
4\/2 ?72(8r) 


- 6fT + 1) . 


The theorem can be obtained by considering that — 

dr 


dq d 
dr dq 


d 

2mq—. 

dq 
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